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ABSTRACT

Transform domain denoising, noise filtering based on data from a
local neighborhood and linear prediction are three important signal
processing tasks. In this paper we treat these tasks from a maximum
a posteriori estimation (MAP) perspective and address the problem
of robust estimation. The Student-t and Laplacian distributions are
used to model the noise to permit robustness to outliers. Indepen-
dent Gaussian distributions with different variances are used as the
prior distributions for the parameters to be estimated. This pro-
vides a mechanism to incorporate into the solution certain desirable
properties such as the sparseness constraint in transform domain de-
noising and regularization in linear prediction. EM algorithms are
developed for the three signal processing tasks. Applications are
demonstrated.

1. INTRODUCTION

Transform domain denoising, noise filtering based on data from a
local neighborhood and linear prediction are three important signal
processing tasks. In this paper we treat these tasks from a maximum
a posteriori estimation (MAP) perspective and address the problem
of robust estimation. Wavelet domain denoising has been treated as
an MAP estimation problem in which the Gaussian distribution is
used to model noise and a number of prior distributions have been
used to represent the sparseness constraint on the wavelet coeffi-
cients [1, 4, 3, 14, 5]. A robust wavelet denoising scheme has been
recently published [13]. In this scheme, the square-loss function
(due to the Gaussian distribution) is replaced by the Huber’s loss-
function.

A typical noise filtering technique for image processing is to
replace the current pixel gray level by a weighted average of its
neighbouring pixels. A classical approach on this subject [8] uses
Gaussian models for both signal and noise. Weights are adaptively
changed according to the assumed statistical models.

In lossless image compression [9, 12], the least squares approach
has been applied to design a linear predictor for each pixel. The as-
sumption is that if the predictor performs well for the training image
block, then it will perform reasonably well for the current pixel to
be predicted. To improve the predictive performance, regularization
can be applied [7]. The regularized least squares estimation is ef-
fectively an MAP estimation with Gaussian as the noise model and
the prior model for the coefficients as regularization term[2].

In this paper, we formulate the above three problems in a uni-
fied MAP estimation perspective. Instead of using the Gaussian to
model noise, we use two distributions with long tails: the Student-
t distribution and the Laplacian distribution. The motivation is to
develop new algorithms that are robust to outliers. We use inde-
pendent Gaussian distributions with different variances as the prior
distributions for the parameters to be estimated. This provides a
mechanism to incorporate into the solution certain desirable proper-
ties such as the sparseness constraint in transform domain denoising
[15, 1, 3] and regularization in linear prediction [10, 7]. The statisti-
cal modes for the three problems are listed in Table 1. In this paper,
the model parameters are assumed unknown and we use the EM al-
gorithm to to solve an MAP problem with unknown parameters[11].
The EM algorithm has been recently used in wavelet based image
estimation [4, 5]

2. PROPOSED EM ALGORITHMS
2.1 Decomposition of probability distributions

The Student-t distribution of a random variable x with a fixed degree
of freedom v, can be represented as [11]
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where p(x|y,u) ~ N(u,u) and p(u) = %e*n*zu. To simplify our dis-
cussion, we assume that the noise variance (given by o? = ﬁog,
v > 2, in the Student-t distribution and 2/n in the Laplacian distri-
bution) is known. If they are assumed unknown, they can be easily
incorporated into the EM algorithm.

With these representations, we can regard the parameter u as the
missing data and solve MAP estimation problem using the EM algo-
rithm. Since procedures for solving the three problems mentioned
in Section 1 are similar, we outline that for the transform domain
signal estimation problem with noise being modelled by a Student-t
distribution. We then present results for other problems.

2.2 Transform domain signal estimation

When noise is modelled by the Student-t distribution, the MAP es-
timation of the transform coefficient vector can be stated ast
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where @= {s,0? (i =1:N)} represent parameters to be estimated.
Let y={uj (i=1:N)} be the missing data. In the E-step, we eval-
uate the conditional mean for y. This is equivalent to evaluate each
ui(k) = E[ui|¢™*~D,y], where the superscripts (k) and (k— 1) are used
to indicate the iteration index. It can be shown that
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1in this paper, we use a bold-face small letter to represent a column vec-
tor and a bold-face capital letter to represent a matrix. The ith entry of a
vector sisrepresented as s;.



|  Problem | 1 | 2 | 3 |
observation y=s+n [ y=s+n [ y=Aw+n
noise model-1 i.I.d, zero mean Student-t distribution
noise model-2 i.1.d, zero mean Laplacian distribution
signal model | si ~N(0,07) | si ~N(y,07) | wi ~N(0,07)

Table 1. The three estimation problems and their associated statistical models studied in this paper. Problem-1 is the transform domain

signal estimation problem Problem-2 is the local signal estimation problem and Problem-3 is a linear prediction problem. y is the observed

S|gnal vector sor w is the vector to be estimated and n is the noise vector. In all three problems, both noise and signal are model independent.
N(u, 02) represents a Gaussian distribution of mean p and variance G2.

Student-t | Laplacian
y i 1

D dlag{ } dlag{@w
R| R= dlag{( 2y (k= 1)}

Table 2: The definitions of the two diagonal matrices D and R for
the two noise models.
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The conditional mean is thus given by ui(k> = 0o/B. In the M-step,

we maximize the following function? with respect to the parameters
to be estimated
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The definitions of the two diagonal matrices D and R for the two
noise models are given in Table 2. Note that these definitions
are valid for the three estimation problems studied in this paper.
Following the same procedure, we can develop the EM algorithm
for the case with a Laplacian noise model. The objective function
to be optimized is in the same form as equation (8). However, the

definitions for ufk) and D are different. Results are summarized in
Table 3.

We make the following observations. (1) The estimated signal
is given by a shrinkage of the noise corrupted signal. For example,
with the Student-t model, we have (see M-step 2 in Table 3)
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It is interesting to note that while (si('“l))2 can be interpreted as an
estimate of the signal variance, the quantity

Va3 + (Vi — si(kfl))2
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is an estimate of the noise variance. Thus the shrinkage is a func-
tion of the noise-to-signal ratio. A higher ratio will lead to more

2Note that we have omitted constants and unrelated terms.
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Table 3: EM algorithms for transform domain signal estimation
with noise modelled by the Student-t and Laplacian distributions
with known variances, respectively.

shrinkage that results in smaller value of si(k>. Since the algorithm is
operated iteratively, some signal samples will be effectively shrunk
to zero. This has the same effect as the hard thresholding in wavelet
based denoising. The thresholding function of the proposed algo-
rithm comes from the sparseness constraint (expressed as an i.i.d.
Gaussian distribution with different variances) on the signal. (2)
On the other hand, unlike hard thresholding, equation (9) can also
be regarded as a Wiener estimate of the signal. Therefore, the pro-
posed algorithm is effectively a combination of Wiener filtering and
hard thresholding. (3) The robustness to outliers is controlled by
the degree of freedom v in the Student-t distribution and n in the
Laplacian distribution. This can be easily seen from the estimated
noise variance which is a weighted sum of the noise variance 62 and

a local estimate (y; — si(kfl>)2. As v increases, the local estimate is
de-emphasized. Thus the effect of outliers is suppressed.

2.3 Local signal estimation

The local signal estimation problem is similar to the transform do-
main estimation problem. We only need to change the prior model
of s; from zero mean to non-zero mean. As such, the objective func-
tion is given by (constants and unrelated terms are dropped)
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Note that the objective function is in the same form for both noise
models. As in the previous section, in the E-step, we calculate the

conditional mean ui(k> while in the M-step, we maximize the objec-
tive function with respect to the parameters to be estimated. Results
are summarized in Table 4

We can make the following observations. (1) The algorithm pro-
duces two useful outputs—the estimated mean and the estimated sig-
nal. Both outputs can be used in subsequent processing. While the
mean is a weighted average of the estimated signal, the signal is

Q(p. gk~

(10)



Table 4: EM algorithms for local neighborhood signal estimation
with noise modelled by Student-t and Laplacian distributions with
known variances, respectively.

expressed as the noisy signal plus a scaled correction. The scal-
ing factor A (in the case of using the Student-t noise model) can be
written as

1
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We recognize that while the term (st~ — u<~1)2 is an estimate

of the signal variance, the other term (Va3 + (yi — kafl))z)/(v +1)
is an estimate of the noise variance. Therefore, A is a function of
the signal-to-noise ratio (SNR) . A higher SNR results in a smaller
A and less correction is applied. Thus, the output is close to yj. On
the other hand, if the SNR is low, for example SNR — 0, then A — 1
and the output is close to k=1, (2) Comments on the robustness
to outliers in previous section also apply to algorithms presented in
this section. (3) In our formulation of the problem, the signal sam-
ples in a local neighborhood are modelled by independent Gaussian
distributions with identical mean, but possibly different variances.
This model permits the incorporation of the structural information
into the model. For example, we can easily modify the above EM
algorithms such that ciz is regarded as fixed and is defined as a func-
tion of the distance between the center pixel and its neighbouring
pixel.

2.4 Linear prediction

The linear prediction problem is very similar to the transform do-
main estimation problem. We only need to replace in the objective
function sj with Ajw, where A is the ith row vector of the matrix A.
The objective function for both noise models is given by (constants
and unrelated terms are dropped)

Qp.o*Y) =—3(y—Aw) D(y—Aw) 12
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As in the previous section, in the E-step, we calculate the condi-

tional mean ufk) while in the M-step, we maximize the objective
function with respect to the parameters to be estimated. Results are
summarized in Table 5.

We can make the following observations. The vector of predic-
tion coefficients is actually the result of a regularized (penalized)
weighted least squares optimization. The regularization provided
by the diagonal matrix R effectively penalizes large coefficients.
This is a desirable property that will lead to improved predictive
(generalization) performance of the predictor [7]. The ith main di-
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Table 5: EM algorithms for the estimation of linear prediction co-
efficients with noise modelled by Student-t and Laplacian distribu-
tions with known variances, respectively.

agonal entry of the weight matrix is given by

1
i (vag+ (yi — Aiwk—1)2) /(v +1) (13)

This is inversely proportional to an estimate of the local noise vari-
ance which is a weighted average of the global noise variance and
the local prediction error. When v is not “too large”, the contribu-
tion of prediction error can not be neglected. The weight matrix thus
de-emphasizes the role of the data pair (y;,A;) that has large predic-
tion error in determining the prediction coefficients. On the other
hand, when v is large, the weight matrix becomes D ~ 1l where
| is an identity matrix and T is a constant. The estimate given by
the equation in M-step 3 reduces to a solution of a regularized least
squares solution.

3. APPLICATIONSIN WAVELET DOMAIN DENOISING

Due to space limitation, we only present results in wavelet domain
denoising using the proposed EM algorithm with noise being mod-
elled by a Student-t distribution with the degree of freedom v = 3.
Obviously, v can be treated as a free parameter that can be adjusted
for a particular problem. In our experiments, we decompose an im-
age into 3 levels. In each level, we treat each subband as a 1-D
signal. These signals are denoised using the proposed EM algo-
rithm. The convergence criteria are: (1) the difference between the
denoised image from the previous iteration and that from the cur-
rent iteration is less than a threshold or (2) the maximum number of
iterations has reached.

We use a standard image denoising procedure in the Wavelet
Toolbox3 and the ABE-rule [6] to process the same noisy image.
The peak-signal-to-noise ratio (PSNR) shown Table 6 are obtained
by averaging the results over 100 runs of the program.

We can see from this table that the results of the proposed EM
algorithm and the ABE-rule are similar and they are consistently
better than those of the denoise function (wden). As the PSNR value
can only be used as an indication of the quality of the image, in
Figure 1 we show the noisy (o = 20) and denoised “Lena” images.

To demonstrate the dynamical characteristics of the EM algo-
rithm that has a combined shrinkage and thresholding effect, we
decompose a noisy block signal* using a one-level decomposition

3The two Matlab functions we used are: [thr, sorth, keepapp] = ddencmp
('den’, 'wv’, xn) and xd = wdencmp ( 'gbl’, xn, Filt, 3, thr, sorth, keepapp),
where “xn” is the noisy image, “Filt” is the wavelet fi Iter’s name. The noisy
image is generated by using xn = X + O*randn( size( X )).

4Thenoisy block signal is generated by the Matlab wavelet toolbox func-
tion [x,xn] = wnoise( 1, 10, 3).



[ o/PSNRnoisyimage | 15246 | 20/22.1 | 25202 | 30/186 |

ABE 30.7 29.1 27.7 26.6
wden 27.3 26.6 26.1 25.6
proposed EM algorithm 30.8 29.4 28.1 26.9

Table 6: Average PSNR (dB) over 100 runs of the program using
the ABE rule, the denoise function in the Wavelet Toolbox (wden)
and the proposed EM algorithm. The top row shows the variance of
the added noise and the resulting PSNR of the noisy image.

Figure 1: Noisy (o = 20) and denoised of the center part of “Lena”
images. Top left: noisy image, top right: the proposed EM algo-
rithm denoised image, bottom left: ABE-rule denoised image, bot-
tom right: wden function denoised image.

with the "sym4’ wavelet filter. Figure 2 shows the shrinkage factor

(I L .
9.2‘0 = Sy"— in the kth iteration. We make the following observa-

tion fromnthis figure. In the first iteration, most wavelet coefficients
are scaled (shrunk) by a factor less than 0.5. The shrinkage factor

eﬁ” (k=1) depends on the initial estimate of the noise energy and
the squared-value of the wavelet coefficient. Coefficients of smaller
values are shrunken to even smaller values. Comparing the sub-
figures of iteration 1 with that of iteration 10, we see that as the iter-
ation progresses from the starting stage to the convergent stage, the
shrinkage factors for the large value wavelet coefficients are moving
back from less than 0.5 to close to 1, while shrinkage factors for the
smaller value coefficients are converged to zero.

4. CONCLUSIONS

In this paper, we have studied three important signal processing
problems from a unified maximum a posterior estimation perspec-
tive. We have shown that the three problems have very similar ob-
jective functions (please refer to equations (8), (10) and (12)) that
need to be maximized. For the three problems, we have studied
two combinations of statistical models and developed new EM algo-
rithms which are robust and have certain desirable properties. The
motivation for studying the Laplacian or the Student-t distribution
as a model for the observation data is their inherent robustness. De-
sirable properties, such as sparseness in wavelet domain denoising,
regularization in linear prediction and using the structural informa-
tion in neighborhood-based filtering, are incorporated into the solu-
tion by using an individual Gaussian distribution as a prior model
for the parameter to be estimated.
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