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ABSTRACT sian distributions - Laplacian, student-t and slash as the prior signal
distributions. Itis assumed that hyper-parameters of the three prior
distributions are random variables with their own hyper-prior dis-
tributions. We develop a unified EM algorithm to solve the MAP
estimation problem under these three prior distributions. We show
that the EM algorithm can be regarded as a generalized Wiener es-
timation. Based on the EM algorithm, we propose two algorithms
for image denoising. One is a non-iterative algorithm which has a
parameter to account for the heavy-tail characteristics of the signal.
The other is an EM algorithm that use local statistical information.
Experimental results show that the performance of the proposed
algorithms is better than that of the bi-shrinkage algorithm [14]
which is arguably one of the best in recent publications.

A fundamental problem in signal processing is to estimate sig-
nal from noisy observations. When some prior information about
the statistical models of the signal and noise is available, the es-
timation problem can be solved by using the maximum a posteri-
ori (MAP) principle. In this paper, we develop an EM algorithm
for the MAP estimate of signals modeled by a family of heavy-
tail prior distributions: Laplacian, student-t and slash. We estab-
lish links between the EM algorithm and the Wiener estimation.
We then modify the EM algorithm and propose two generalized
Wiener estimation algorithms for image denoising. Experimental
results show that the performance of the proposed algorithms is
better than that of the bi-shrinkage algorithm which is arguably
one of the best in recent publications.
2. THE GENERALIZED WIENER ESTIMATION
1. INTRODUCTION ALGORITHM
Estimating signal from noisy observations is a fundamental task 2.1. Problem formulation
in signal processing. The simplest Gaussian observation model iswe consider an signal observation model in equation (1), wiere
given by is the observed signal vector with N entriesjs the true signal
y=x+e (1) vector with itsith entryz; modeled as a zero mean random vari-
wherex is the true signal vectoy ande are vectors of observa- able following one of the heavy-tail distributions specified in the
tions and Gaussian noise' respective|y' Wlkeis regarded as a next Sectione is the noise vector with itgh entryei modeled as a
realization of a random Vector’ the maximum a posteriori (MAP) random Variable fO”OWing azZero mean Gaussian distribution Wlth
principle is well established as a powerful tool for estimating the Variances?. We also assume both signal and noise are uncorre-
signal. The Wiener estimate is obtained wheiis modeled by lated and modeled as independent identically distributed according
a Gaussian distribution [1]. When it is modeled by a Laplacian t0 their respective models. Given these model settings, the prob-
distribution, the soft-thresholding rule [2] is obtained. Compared lem is to develop an EM algorithm to determine an MAP estimate
to the Gaussian distribution, heavy-tail distributions such as the Of the signal based on the observations:
Laplacian usually fit real-world signals such as the transform do-

main representation of images better that the Gaussian. A further Xopt = aIg mep(x|y) @
advantage of using heavy-tail distributions is that they usually re-
sult in a sparse wavelet representation of the signal [3-5]. 2.2. Model specification

Heavy-tail distributions including student-t [6] and slash dis- ) S
tributions [7] have found many successful applications in robust A family of heavy-tail distribution [13] for a zero-mean scaler ran-
statistical data analysis. Certain members from a family of heavy- dom variabler is defined as a scale mixtures of Gaussian
tail distributions, which can be expressed as the scale mixtures of r00
Gaussian distributions [8], have also been recently used to solve p(z|o®,v) = / p(z|o?, w)p(ulv)du (3)
signal processing [4, 9] and machine learning problems [10]. 0

In practical signal processing problems, parameters (called hyper- 5 Vit g? ) . )
parameters) of the heavy-tail distributions are usually unknown. Wherep(z|o®, u) = e 2.>" andp(u|v) is the prior dis-
They can be estimated by using the evidence-based method or simtribution of u (0 < u < co). The two parameters® andv can
ply integrated out [11, 12]. They can also be handled by using the be assumed fixed or can be random variables with their own prior
EM algorithm [13]. distributionsp(c?) andp(v). Different settings fop(u|v) result

In this paper, we study MAP estimation of the signal with in a family of heavy-tail distributions. The Gaussian distribution
Gaussian additive noise. We study three scale mixtures of Gaus-is a special case whenis not a random variable but is a constant




p(ulv) plalo®,v)

Laplacian L2e 1 L lel/V2e
4 2v/20
F((V+1)/2) 2 2\ —(v+1)/2
Slash vu” \/;7 (x2/202) —r D(v+1/2,2°/20%)
yixea

Table 1. Three heavy-tail distributions and the three settings(efv). G(u|v/2,v/2) is the gamma distributionl’(a) andI'(a,b) =

b
/ t*~1e~!dt are the gamma function and incomplete gamma function, respectively.
0

u = 1. In this paper, we consider the following three heavy-tail

distributions: Laplacian, student-t and slash. They are shown in Laplacian|  student-t slash

Table 1. We note that the Laplacian distribution does not depend

onv. It can be expressed in compact form by simply changing of _ o v+1 26 F(% + v, &} /267)
variablear = 1/20. However, we use its definition given in Ta- Ui \/ilf;?‘| v+i2/6? 22T(L +v,42/262)

ble 1 to develop an EM algorithm which is applicable to the three . 2 *

distributions. Both the student-t and the slash distributions depend

on two parameters: the scaling parameteand the degrees of Table 2. The E-steps for the three heavy-tail distributions.
freedomw.

2.3. The EM algorithm The M-steps for the update the signal and the scaling parame-

tero? are the same for the three distributions. This is evident from

To simplify the development of the EM algorithm, we assume the equation (4). The update fag, is given by

noise variance2 and the degrees of freedomare known. Us-
ing the above representation for the heavy-tail distribution and the o2
model settings, we can regard the parameters: {u;} as the T =

missing data which is denoted= {u} and the signak and the

X 5 X o
scaling factoro“ as the data to be estimated, which is denoted The update of the scaling parameter depends on its prior distri-

_9 . g
o? + @o2 v ®)

¢ = {x,0°}. ) . bution. We consider a conjugate prior ot given by the inverse-
To develop an EM algorithm, we have to determine the fol- chi_square (Invy?) distribution and an informative prior-Jeffreys’
lowing function [13] prior (p(0?) o 1/ ) distributions [6]. The Invx? distribution is
given by
Q(d)? ¢Old) 2*”1/2
. — —(n/2+1) ,~1/(26)
= /logp(cﬁ,vly)p(vlcf) 4 y)dy pOIn) = w5 7250 ¢ 0>0.m>0 @)
)2 2
- _ 2 (i - vi) — Zu;xl +log p(c?) — % logo? +C wheren is the degrees of freedom. Fgr> 2, the mean obis
20¢ 20 @) given by E[0] = 1/(n — 2). Therefore, if we have prior knowl-

2 _ 2 H
whereC represent unrelated terms and constants that can be omit-edge abouF the mean of, sayos, the_nn = 1/0p + 2. With .
these considerations, we can determine the update for the scaling

ted, and : 5 . .
_ old parameter using the Iny*prior and Jeffreys’ prior as the follow-
;= B [ui|¢™,y] ®) ing:
Equation (5) states the calculation required in the E-step.zlet ZN dia? + 1
andé represent results from the previous iteration, then the E-step of = &=l T (20)
is calculated as the following N+n+2
and
0 N
"o /0 uip(ulds, 6% ds ©) o’ = ﬁ Z iy (11)
where =t
p(uil s, 6%) = p(2:|ui, 62)p(us) ) It is also easy to show that for a uniform prigfo?) o constant,

o0 the update is simpl
/ (& |ui, 62)p(us)dug P Py
0

N
The E-steps for the three heavy-tail distributions are listed in Table o2 = £l Z il (12)
2. N '

i=1



In summary, we see that for the three heavy-tail distributions 3.1.1. A non-iterative generalized Wiener estimation algorithm
the M-steps are the same. The E-step depends on the distribution.

Due to space limitation, we have assumed that the two parameter e consider a non-iterative algorithm given by

o2 andv are fixed. We note that they can be treated as random o2
variables and Incorporated into the EM algorithm. T = —5——Yi (18)
2 2
o; + aog
2.4. The generalized Wiener estimation whereo? is a localized estimate of the signal energy atithdo-

cation andw is constant to be determined for a particular class of
We recall that when the signal is modeled i.i.d. Gaussian with zero signals. Whemv = 1, this algorithm is a Wiener estimate using lo-
mean and variancg?, the MAP estimate of is a Wiener estimate  cal statistics. The heavy-tail distribution of the signal is accounted

given by for by settingae # 1. We can see that this algorithm uses the
o2 M-step of the EM algorithm and replace the E-step by a predeter-
= o a Y 13) mined constant.
N A robust estimation of the variance of the noise is given by
To link the above EM algorithm to the Wiener estimation, we com-
pare the two equations (8) and (13). When= 1, indicating a 0. = median(|y|)/0.6745 (19)

Gaussian model for the signal, equation (8) is the same as equaA imol thod t timate the sianal vari is the followi
tion (13). Clearly, equation (13) is a special case of equation (8). simpie method to estimate the signal variance IS the foflowing

We regard the EM algorithm as a generalized Wiener estimate, be- g, 9 g, 9
cause (1) the variable; in equation (8) is a scaling factor that ol = { 0’ T e ih P> 0 (20)
accounts for the heavy-tail characteristic of the distribution, and ’ otherwise

(2) itis an iterative algorithm. o )

! - o
To gain further insight into the EM algorithm, we study the WheresSi = sy 2y~ Yi—k- The underlining principle for
student-t distribution with the degrees of freedom> 2. The this estimation is that the signal is uncorrelated with noise. With

: ; ; ; ; the above results, we can see that the proposed algorithm (equation
relationship between the variance of the signahnd the scalin
factore is given by g (18)) is actually a combination of shrinkage and hard-thresholding.

o2 = Y 52 (14)
v—2

Using this relationship, we can rewrite equation (8) as This algorithm is motivated by using the local statistics discussed
in section 2.4. Specifically, in the M-step, we replace the global
scaling parameter? with a localized scaling parametgf which

3.1.2. The EM algorithm using local statistics

(v —2)62 + &7

P = A i 15 PO
R ) -y R Pk 19 is given by
M
2 1 — ~2
We can further rewrite equation (15) as W= kz Uik i (21)
=M
o} 16 In the E-step, we can see from Table 2 thatis a function of
T = o2 + o2 Yi (16) #;2/&* for the student-t and slash distribution. We replace it with
22/q?, where
M
vnere 2 .2 1 ) .2 ZZQ = 72M1 1 f?—lv (22)
O-L:US—’_m(Ii_gUs) (17) + b M

It is now clear that the result given by equation (15) can be re- Similarly, in the Laplacian case, we replacg|f5 with t;/gi,
garded as a generalized Wiener estimate of the signal, where avhere

localized signal variance, denotéd, is estimated by taking a 1 - R
weighted average of the signal variance and the local signal energy. T OM+1 Z |Zimkl- (23)
It can be easily seen that when— oo, the Student-t distribution k=-M
approaches the Gaussian distribution and equation (16) is the sam&he estimate of the signal is then given by
as equation (13) becausg = 52. )
T, = 7ql ) 2yi (24)

3. APPLICATIONS IN IMAGE DENOISING

. o ] 3.2. Experimental results
3.1. Two image denoising algorithms ) ) . . . .
The non-iterative and the iterative algorithm will be referred to as

Direct application of the above EM algorithm for image denoising GWE and IGWE, respectively. For the GWE algorithm, extensive
does not necessarily lead to satisfactory results. This is becausexperiments using different images have shown that setting

in developing the algorithm, we have ignored that image signals v/2 has led to the best results in terms of the peak-signal-to-noise
are generally non-stationary. Recognizing the EM algorithm as aratio (PSNR) of the denoised image. For the IGWE algorithm, we
generalized Wiener estimate, that uses localized information, leadsuse a letter L, T and S to indicate the Laplacian, student-t and slash
naturally to the following two algorithms for image denoising. the distribution is being used, respectively. Experimental results



Barbara

such, based on the EM algorithm, we propose two algorithms for
image denoising. Experimental results show that the performance
of the proposed algorithm is better than that of the bi-shrinkage
algorithm which is arguably one of the best in recent publications.
We expect that when coupled with an over-complete wavelet rep-
resentation, the proposed algorithms should produce even better

o. | GWEL | GWE2 | IGWE_T | IGWE_S [| bishrink[14]
10 | 33.10 | 32.84 | 33.05 33.03 32.25
15 | 30.69 | 30.62 | 30.78 30.76 29.97
20 | 28.97 | 29.07 | 29.22 29.20 28.36
25| 2765 | 2789 | 28.03 28.01 27.16
30 | 2658 | 26.98 | 27.11 27.09 26.28
35| 2571 | 2619 | 26.32 26.31 -

40 | 2492 | 25556 | 2567 25.67 -

Lena

o. | GWEL | GWE2 | IGWE_T | IGWE_S || bishrink[14]
10 | 3456 | 34.63 | 34.81 34.79 34.36
15 | 3237 | 32.81 | 32.92 32.89 3251
20| 30.72 | 3148 | 31.54 31.51 31.19
25| 29.50 | 30.45 | 30.48 30.44 30.15
30 | 2837 | 29.61 | 29.60 29.56 29.41
35| 27.43 | 2888 | 28.84 28.80 -

40 | 26.62 | 28.28 | 28.20 28.16 -

Table 3. PSNR (dB) results using two noisy images with different
levels of additive noise. GWE1 and GWE2 are the GWE algo-
rithms witha: = 1 anda: = /2, respectively.

show that the IGWE_L algorithm does not work well. From a
Bayesian point of view, this simply indicates that the Laplacian
distribution does not fit the wavelet coefficients of the image as
well as the other two distributions. Experimental results also show
that best results are obtained for 3 to 4 iterations for the IGWE_T
(v = 3) and IGWE_S ¢ = 15) algorithms. In all experiments, we
decomposed of an image into 6 levels usingshm12 wavelet.
Each subband of the signal is then denoised independently.

We can see from the experimental results that for the Bar-
bara image, the iterative algorithms performs better than the non-
iterative algorithms. For the Lena image, their performance is
about the same. We can also see that using the GWE algorithm, the
PSNR associated with the setting= v/2 is generally higher than
that with the settingr = 1. The difference in PSNR is significant
in images with high noise levels.

Next we compare the performance of the proposed algorithms

with that of the bi-shrinkage [14] which is arguably one of the best [11]

in recent publications. We can see that the performance of pro-
posed algorithms (GWE2, IGWE_T and IGWE_S) is consistently
better than that of the bi-shrinkage algorithm.

4. CONCLUSIONS

[13

In this paper, we have studied EM algorithms for the MAP es-
timate of a class of signals which can be modeled by heavy-tail
distributions. In developing the EM algorithm for a particular fam-

ily of heavy-tail distributions (Laplacian, student-t and slash), we (14]
take the advantage that these distributions can be expressed as a

Gaussian scaled mixture. We show that the EM algorithm can be
regarded as a generalization of the classical Wiener estimate. As

(10]

(12]

results.
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